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Abstract
Let {0} 6= K be a subgroup of the abelian group G. In [J. Buckner, M. Dugas, Co-local subgroups of abelian groups, in: Abelian
Groups, Rings, Modules, and Homological Algebra, in: Lect. Notes Pure and Appl. Math., vol. 249, Chapman & Hall/CRC, Boca
Raton, FL, 2006, pp. 29–37], K was called a co-local (cl) subgroup of G if Hom(G,G) is naturally isomorphic to Hom(G,G/K ).
We generalize this notion to the quasi-category of abelian groups and call the subgroup K 6= {0} of G a quasi-co-local (qcl)
subgroup of G if Q⊗Z Hom(G,G) is naturally isomorphic to Q⊗Z Hom(G,G/K ). We show that qcl subgroups behave quite
differently from cl subgroups. For example, while cl subgroups K are pure in G, i.e. G/K is torsion-free if G is torsion-free, any
reduced torsion group T can be the torsion subgroup t (G/K ) of G/K where G is torsion-free and K is a qcl subgroup of G.
c© 2007 Elsevier B.V. All rights reserved.
MSC: 20K21; 20K27
1. Introduction
Two new notions have recently emerged in the theory of (abelian) groups. Let G be an abelian group and 0 6= K
a subgroup of G. In [1,2] the subgroup K of G is called co-local (or cl for short), if the short exact sequence
0 → K → G pi→G/K → 0 with natural map pi induces an isomorphism pi∗ : Hom(G,G) → Hom(G,G/K ),
i.e. for each ψ ∈ Hom(G,G/K ) there is a unique ϕ ∈ Hom(G,G) such that ψ = pi ◦ ϕ. Properties and examples of
cl subgroups of torsion and torsion-free abelian groups G are investigated in [1], and in [2] attention is shifted to cl
subgroups of mixed abelian groups G, i.e. G has elements of finite and infinite order.
In [3], see also [4], the notion of a “cellular cover” of a (non-abelian or abelian) group M was introduced. A cellular
cover of M is defined to be a pair (G, c) where c : G → M is a homomorphism such that for any homomorphism
ψ : G → M there is some unique homomorphism ϕ : G → G such that ψ = c ◦ ϕ. Obviously, for abelian groups,
these two notions are closely related. Indeed, by Lemma 3.5 in [3], no generality is lost by assuming that the map c is
surjective. In this case, (G, c) is a cellular cover of M ∼= G/ ker(c) if and only if ker(c) is a cl subgroup of G. Thus,
for abelian groups, the study of cellular covers is equivalent to the investigation of cl subgroups. Therefore it is not
surprising that several results in [1,2] can also be found in [3]. On the other hand, the perspectives are different. In [1,
2], cl subgroups of a (more or less) given abelian group G are studied, while in [3], for a given M , the existence and
properties of cellular covers (G, c) are investigated.
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Of course, the notions discussed above make sense in many algebraic categories, and in this paper we concern
ourselves with “co-local” subgroups in the quasi-category of abelian groups, cf., [5, Section 92]. (All our undefined
notations are as in [5]). In this category, the objects are just abelian groups A, B but the (homo)morphisms are
the elements in the sets QHom(A, B) := Q⊗ZHom(A, B). Therefore, we define quasi-co-local (or qcl for short)
subgroups as follows: given a short exact sequence 0 → K → G pi→G/K → 0, we call K a qcl subgroup of G, if
the induced map Q⊗ZHom(G,G)
idQ⊗pi∗→ Q⊗ZHom(G,G/K ) is an isomorphism. It is easy to see that K is a qcl
subgroup of the abelian group G if and only if Hom(G, K ) is a torsion group and for each ψ ∈ Hom(G,G/K ) there
is some n ∈ N and ϕ ∈ Hom(G,G) such that nψ = pi ◦ ϕ. Of course, any cl subgroup is also a qcl subgroup. We will
investigate which properties of cl subgroups established in [1] or [2] still hold for qcl subgroups or how much the two
behave differently. We will find some similarities but also dramatic differences.
From now on, all groups are assumed to be abelian. It was shown in [1], that torsion groups and pure subgroups
of the additive groups of p-adic integers Jp have no cl subgroups. We will show that all qcl subgroups of torsion
groups are bounded and many pure subgroups of Jp do have qcl subgroups of co-rank 1. It was shown in [1] that if
K is a cl subgroup of a torsion-free reduced group G, then K is cotorsion-free and pure in G and G/K is torsion-free
and reduced. We will show that qcl subgroups need not be pure. Naturally, this leads to the question which torsion
groups T may occur as the torsion subgroup t (G/K ) of G/K where K is a qcl subgroup of the torsion-free group
G. We will tweak the Black Box construction in [1] to show the following: Let K be a cotorsion-free group and T
be any reduced subgroup of (Q⊗Z K )/K . Then there exist arbitrarily large cotorsion-free groups G such that K is
(isomorphic to) a qcl subgroup of G and T ∼= t (G/K ). In other words, any reduced torsion group T occurs as the
torsion part t (G/K ) of G/K where K is a qcl subgroup of the cotorsion-free group G. In our constructions, it happens
that K∗, the purification of K in G, is a cl subgroup of G. This gives rise to the following:
Question. Is there a cotorsion-free group G with a qcl subgroup K such that K∗ is not a qcl subgroup of G?
2. Quasi-co-local subgroups of torsion groups
Let 0 → K → G pi→G/K → 0 be a short exact sequence of abelian groups such that K 6= {0}. Consider the
induced sequence 0 → Hom(G, K ) → Hom(G,G) pi∗→Hom(G,G/K ), where pi∗(ϕ) = pi ◦ ϕ for all ϕ ∈ End(G).
In [1], we called K a co-local subgroup of G if pi∗ is an isomorphism. Now we concern ourselves with this notion
in the quasi-category of abelian groups and call K a qcl (i.e. quasi-co-local) subgroup of G, if the map idQ ⊗ pi∗
in the sequence 0 → Q⊗ZHom(G, K ) → Q⊗ZHom(G,G)
idQ⊗pi∗→ Q⊗ZHom(G,G/K ) is an isomorphism,
or, equivalently, Hom(G, K ) is a torsion group and for any ψ ∈ Hom(G,G/K ) there is some n ∈ N and some
ϕ ∈ End(G) such that nψ − pi ◦ ϕ is torsion. The latter means that for some k ∈ N we have k(nψ − pi ◦ ϕ) = 0. This
shows as:
Proposition 2.1. Let {0} 6= K be a subgroup of G. Then K is a qcl subgroup of G if and only if Hom(G, K ) is
torsion and for all ψ ∈ Hom(G,G/K ) there is some n ∈ N and some ϕ ∈ End(G) such that nψ = pi ◦ ϕ.
Next we show that qcl subgroups are inherited by quasi-equal groups.
Proposition 2.2. Let A, B be torsion-free abelian groups such that there is some n ∈ N with nA ⊆ B and nB ⊆ A.
If K is a qcl subgroup of B, then A ∩ K is a qcl subgroup of A and nK ⊆ A ∩ K ⊆ K. (We may, and do, assume
that A, B are contained in a common divisible hull.)
Proof. Let ϕ ∈ Hom(A, A ∩ K ). Then ϕ(nB) ⊆ A ∩ K ⊆ K and we define ψ ∈ Hom(B, K ) by ψ(b) = ϕ(nb)
for all b ∈ B. Thus kψ = 0 for some k ∈ N and it follows that ϕ(knB) = {0} but {0} = ϕ(knB) ⊇ ϕ(kn2A).
Thus ϕ(kn2A) = {0} and A ∩ K torsion-free imply that ϕ = 0. Now consider ψ ∈ Hom(A, A/(A ∩ K )). Let
ι : A/(A∩K )→ (A+K )/K denote the natural isomorphism. Since nB ⊆ A, we may define θ : B → A/(A∩K ) ≈
(A + K )/K n→ B/K such that θ(b) = n ◦ ι ◦ ψ(nb) for all b ∈ B and there is some k ∈ N and ϕ ∈ End(B)
such that kθ(b) = ϕ(b) + K for all b ∈ B. Define σ ∈ End(A) by σ(a) = nϕ(na) for all a ∈ A. Note that
σ(A) ⊆ nϕ(nA) ⊆ nϕ(B) ⊆ nB ⊆ A. Now σ(a) + (A ∩ K ) = nϕ(na) + (A ∩ K ) = ι−1(nϕ(na) + K ) =
ι−1(nkθ(na)+ K ) = ι−1ι(knnψ(n(na))) = kn4ψ(a) for all a ∈ A. Note that nK ⊆ nB ∩ K ⊆ A ∩ K ⊆ K . 
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The following follows from the definition:
Proposition 2.3. If Gi , 1 ≤ i ≤ n, are groups and Ki ⊆ Gi are qcl subgroups for all i ∈ I and Hom(Gi ,G j/K j )
torsion for all 1 ≤ i 6= j ≤ n, then ⊕1≤i≤n Ki is a qcl subgroup of ⊕1≤i≤n Gi .
Next we show that bounded subgroups are always qcl subgroups, i.e. they are the trivial examples of qcl subgroups.
Proposition 2.4. If {0} 6= K is a bounded subgroup of the group G, then K is a qcl subgroup of G.
Proof. Since K is bounded, there is some n ∈ N such that nK = {0}. Let ψ ∈ Hom(G,G/K ). Define ϕ : G → G
by ϕ(x) = ny whenever ψ(x) = y + K . Since nK = {0}, we have that ϕ is a well-defined map, ϕ ∈ End(G) and
nψ(x) = ϕ(x)+ K for all x ∈ G. This shows that K is a qcl subgroup of G. 
We will show that, in contrast to cl subgroups, qcl subgroups need not be torsion-free. First we need a few well-
known facts about abelian p-groups, whose proofs we include as a convenience to the reader.
Lemma 2.5. Let p be a prime and G a p-group.
(a) If G is a direct sum of finitely many copies of Z(p∞) and L is a reduced subgroup of G, then L is finite.
(b) If G is reduced and there is some k ∈ N such that (pkG)[p] is finite, then G is bounded.
Proof. To show (a), let G = ⊕n Z(p∞) be a direct sum of n copies of Z(p∞) and L a reduced subgroup of G. We will
do an induction over n. If n = 1, then there is nothing to show since reduced subgroups of Z(p∞) are cyclic of finite
order. Let pi j : G → Z(p∞) be the natural projection of G onto the j-th copy of Z(p∞). Then L ⊆ ⊕nj=1 pi j (L). If
all pi j (L), 1 ≤ j ≤ n are finite, then L is certainly finite. Thus we may assume that there is some j such that pi j (L)
is an infinite subgroup of Z(p∞), i.e. pi j (L) is equal to the j-th copy of Z(p∞). We write G = Z(p∞) ⊕ C , where
C ≈ ⊕n−1 Z(p∞). Now for each x ∈ Z(p∞), there is some xC ∈ C such that ` = x + xC ∈ L . If ` = x + x ′C , then
xC−x ′C ∈ L∩C , a reduced subgroup of L . By induction hypothesis, there is some k ∈ N such that k(L∩C) = {0}. Now
consider the composed map x ∈ Z(p∞) 7→ x+(xC+(L∩C)) ∈ Z(p∞)⊕(C/(L∩C)) 7→ kx+(k(xC+(L∩C))) =
kx + (kxC + {0}) 7→ kx + kxC = k(x + xc) = k` ∈ L . This is a non-zero homomorphism from Z(p∞) into L , a
contradiction to the fact that L is reduced.
To show (b), assume that A is a reduced p-group such that A[p], the socle of A, is finite. Then there exists a
monomorphism γ : A[p] → D where D is a finite direct sum of copies of Z(p∞), and γ extends to a δ : A → D
since D is injective. Since ker(δ) ∩ A[p] = ker(γ ) = {0}, we infer that δ is a monomorphism and since A is reduced,
(a) implies that A is finite. Now if (pkG)[p] is finite, then pkG is finite and it follows that G is bounded. 
We are now ready to prove:
Theorem 2.6. Let p be a prime, G a divisible p-group and L a subgroup of G. Then L is a qcl subgroup of G if and
only if L is bounded.
Proof. If L is bounded, then L is a qcl subgroup of G by Proposition 2.4. To show the converse, assume that L is
not bounded. Since L is a qcl subgroup of G, we have that Hom(G, L) is torsion and we infer that L is reduced.
Inductively, we will find subgroups V j ≈ Z(p∞) of G such that⊕nj=1 V j is a subgroup of G and |L∩V j | = pm j such
that m j < m j+1 for all j = 1, 2, . . . For j = 1, we may choose Vi ≈ Z(p∞) any summand of G and pm1 = |L ∩ V1|
is finite, since L is reduced. Suppose that V j , 1 ≤ j ≤ n − 1, have been already constructed such that ⊕n−1j=1 V j is
a subgroup of G = (⊕n−1j=1 V j ) ⊕ C and pm j = |L ∩ V j |, 1 ≤ j ≤ n − 1, is a strictly increasing sequence. By
Lemma 2.5 we have that there exists 0 6= a ∈ (pmn−1L)[p] − ((⊕n−1j=1 V j )[p]), since (pmn−1L)[p] is infinite and
(⊕n−1j=1 V j )[p] is finite. Choose ` ∈ L such that pmn−1` = a. Pick Vn , a copy of Z(p∞), such that ` ∈ Vn and observe
that Vn ∩ (⊕nj=1 V j ) = {0} and ` ∈ L ∩ Vn has order at least mn−1 + 1. Note that G = ⊕∞j=1 V j ⊕ D for some
subgroup D of G and that pm j = |L ∩ V j |, j ∈ N, is a strictly increasing sequence. Now define ψ : G → G/L such
that ψ V j : V j → (V j + L)/L ≈ V j/(L ∩ V j ) is an isomorphism. Since L is a qcl subgroup of G, there is some
k ∈ N and ϕ ∈ End(G) such that (pkψ)(x) = ϕ(x) + L . (We may restrict the factor of ψ to powers of the prime p,
since multiplication by any integer relatively prime to p is an automorphism of any p-group.) We may choose some
j ∈ N such that k < m j . Let A be the subgroup of order pk+1 of V j . Then pkψ(A) = (ϕ(A)+ L)/L is the subgroup
J. Buckner, M. Dugas / Journal of Pure and Applied Algebra 211 (2007) 392–399 395
of order p of (V j + L)/L ≈ V j/(L ∩ V j ). Since |V j ∩ L| = pm j , we infer that ϕ(A) has order pm j+1, a contradiction
to k < m j . 
Lemma 2.7. Let p be a prime, A ≈ Z(p∞) and K the finite subgroup of A of order pe. Let ψ ∈ Hom(A, A/K ) such
that ker(ψ) has order pk . Then there is some ϕ ∈ End(A) such that pnψ(x) = ϕ(x)+ K if and only if n ≥ e − k.
Proof. Let L be the subgroup of order pn+k+1 of A. Then |pnψ(L)| = p = |(ϕ(L) + K )/K |, which implies
|ϕ(L)| = pe+1 and thus e + 1 ≤ n + k + 1, i.e. n ≥ e − k. The rest is now easy. 
Proposition 2.8. Let G = A ⊕ B such that A is fully invariant in G and let K be a qcl subgroup of G. Then A ∩ K
is a qcl subgroup of A.
Proof. Let ψ ∈ Hom(A, A/(A ∩ K )) and j : A/(A ∩ K ) → (A + K )/K the natural isomorphism. Then j ◦ ψ
extends to ψ ′ ∈ Hom(G,G/K ) by ψ ′(B) = {0}. Since K is a qcl subgroup of G, there is some n ∈ N and
ϕ ∈ End(G) such that nψ ′(x) = ϕ(x) + K and ϕ A ∈ End(A) since A is fully invariant in G. This implies that
n( j ◦ψ)(x) = (ϕ A)(x)+K = j ((ϕ A)(x)+ (A∩K )) for all x ∈ A. This shows that nψ(x) = (ϕ A)(x)+ (A∩K )
for all x ∈ A and we have that A ∩ K is a qcl subgroup of A. 
We are now ready for the following:
Lemma 2.9. Let G = D ⊕ T be a torsion p-group such that D is the divisible part of G and T is reduced. Let K be
a subgroup of G such that D ∩ K is bounded and Hom(G, K ) is torsion. Then K is bounded.
Proof. Case 1.1: D 6= {0} and T is unbounded.
The group K is reduced since D ∩ K is bounded. Now T has an unbounded p-basic subgroup B and by Szele’s
Theorem, see [5, Theorem 36.1], there exists a surjective homomorphism γ : T → B. If K is unbounded, then there
exists some δ : B → K such that δ(B) is unbounded and we have δ ◦ γ ∈ Hom(G, K ) is an element of infinite order.
This contradiction shows that K is bounded in this case.
Case 1.2: D 6= {0} but T is bounded.
Assume that pnT = {0}. Then pnK ⊆ pn(D ⊕ T ) = pnD = D and thus pnK ⊆ K ∩ D, which is bounded and
we infer that K is bounded.
Case 2. D = {0}, i.e. G = T is reduced.
If T is bounded, then there is nothing to show, so we assume that T is unbounded. Now T has an unbounded
p-basic subgroup B and if K is unbounded, the Hom(G, K ) is not torsion by Szele’s Theorem as shown above. This
shows that K is bounded in this case as well. 
As an immediate consequence we have
Theorem 2.10. Let K be a qcl subgroup of the torsion p-group G. Then K is bounded.
Proof. Let G = D ⊕ T with D divisible and T reduced. By Proposition 2.8, D ∩ K is a qcl subgroup of D. By
Theorem 2.6, D ∩ K is bounded, and by Lemma 2.9 we infer that K is bounded. 
Recall that it was shown in [1], that torsion groups don’t have cl subgroups. The last results shows that the only qcl
subgroups of p-torsion groups are the trivial ones.
Notation 2.11. If G is a group, then t (G) denotes the torsion subgroup of G and, for any prime p, tp(G) denotes the
p-primary part of t (G).
We have now reached the goal of this section.
Theorem 2.12. Let G be a torsion group and {0} 6= K a subgroup of G. Then K is a qcl subgroup of G if and only
if K is bounded.
Proof. Assume that K is qcl in G = ⊕p∈P tp(G). Let P1 = {p ∈ P : tp(K ) 6= {0}}. Note that for each p ∈ P1
we have that tp(K ) is bounded by Theorem 2.10 and Proposition 2.8. Since Hom(G, K ) is torsion, we have that
Hom(tp(G), tp(K )) = 0 for all p ∈ P ′ where P ′ is a co-finite subset of P1. Note that tp(G) is divisible for all p ∈ P ′
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and since tp(K ) is bounded there is a direct summand X of tp(G) such that X ∼= Z(p∞) and tp(K )∩X is a non-trivial
cyclic group. By Lemma 2.7, we now have that for each p ∈ P ′ there is some ψp ∈ Hom(tp(G), tp(G)/tp(K )) such
that ψp is not induced by any ϕp ∈ End(tp(G)), but pepψp is for some ep > 1. Since an integer multiple of⊕p∈P ′ ψp
is induced by some ϕ ∈ End(⊕p∈P ′ tp(G)), we infer that P ′ is finite and it follows that P1 is finite and thus K is
bounded. The converse follows from Proposition 2.4. 
3. Quasi-co-local subgroups of torsion-free groups
Proposition 3.1. Let G be a group and K ⊆ L ⊆ G subgroups.
(a) If L is a qcl subgroup of G and Hom(G, L/K ) is torsion, then K is a qcl subgroup of G.
(b) If K is a qcl subgroup of G, L is torsion-free and L/K is bounded, then L is a qcl subgroup of G.
Proof. To show (a), note that Hom(G, K ) is torsion and let ψ ∈ Hom(G,G/K ). Let η : G/K → G/L be the natural
epimorphism with ker(η) = L/K . Then η ◦ ψ ∈ Hom(G,G/L) and there exists some m ∈ N and ϕ ∈ End(G)
such that m(η ◦ ψ)(x) = ϕ(x) + L for all x ∈ G. Define γ ∈ Hom(G,G/K ) by γ (x) = ϕ(x) + K . Then
m(η ◦ ψ)(x) = (η ◦ γ )(x) for all x ∈ G and it follows that η ◦ (mψ − γ ) = 0 and (mψ − γ )(G) ⊆ ker(η) = L/K .
Thus mψ − γ ∈ Hom(G, L/K ) and there is some k ∈ N such that k(mψ − γ ) = 0 and thus kmψ(x) = kϕ(x)+ K
for all x ∈ G, and it follows that K is a qcl subgroup of G.
To prove (b), let ψ ∈ Hom(G,G/L) and δ ∈ Hom(G, L). Then there is some n ∈ N such that nL ⊆ K and it
follows that nδ ∈ Hom(G, K ) = 0. We infer that δ = 0, since L is torsion-free. For x ∈ G let ψ(x) = x˜ + L . Define
γ : G → K by γ (x) = nx˜ + K for all x ∈ G. If x˜ + L = y˜ + L , then n(˜x − y˜) ∈ nL ⊆ K , and it follows that
γ ∈ Hom(G,G/K ). Thus there is some k ∈ N and ϕ ∈ End(G) such that kγ (x) = ϕ(x)+ K for all x ∈ G. We infer
that ((km)ψ)(x) = ϕ(x)+ L for all x ∈ G since K ⊆ L . This shows that L is a qcl subgroup of G. 
Remark 3.2. Maintaining the notations in Proposition 3.1, assume that L is a qcl subgroup of G and m ∈ N. Then
K = mL is a qcl subgroup of G, i.e. in contrast to cl subgroups, qcl subgroups need not to be pure.
Here is another useful fact.
Proposition 3.3. Let K be a qcl subgroup of A and m ∈ N such that K ⊆ mA. Then K is a qcl subgroup of mA.
Proof. Let ψ ∈ Hom(mA,mA/K ). Then ψ ◦ m ∈ Hom(A, A/K ) and there is some k ∈ N and some ϕ ∈ End(A)
such that k(ψ ◦m)(a) = ϕ(a)+K for all a ∈ A. Thus mkψ(ma) = ϕ(ma)+K and ϕ′ = ϕ ◦m ∈ End(mA). We need
to show that Hom(mA, (mA)/K ) = 0. To this end, let θ ∈ Hom(mA, (mA)/K ). Then θ◦m : A → (mA)/K ⊆ A/K .
Since K is qcl in A, we infer θ ◦ m = 0. But m is a surjective map and we conclude θ = 0. 
Given some prime number p, let Jp denote the additive group of the ring of p-adic integers and U (Jp) denotes
the group of units of that ring. We will now look for qcl subgroups K of pure subgroups A of Jp, the ring of p-adic
numbers. It was shown in [1] that such a group A has no cl subgroups. We will prove the following:
Theorem 3.4. Let A be a pure subgroup of Jp and K a non-zero subgroup of A. Then K is a qcl subgroup of A if
and only if A is isomorphic to a pure finite rank subring of Jp and K is a pure, co-rank 1 subgroup of A.
Proof. Note that End(A) = {r ∈ Jp : r A ⊆ A}. Let m = min{n ∈ N : ∃u ∈ U (Jp)(pnu ∈ K )}. Then
K ⊆ pm Jp ∩ A = pm A and by Proposition 3.3, we have that K is qcl in mA. Thus p−mK is a qcl subgroup of
A and we may assume that K contains some u ∈ U (Jp). So, without loss of generality, we have: 1 ∈ K ⊆ A ⊆ Jp
such that A is pure in Jp and K is a qcl subgroup of A. This shows that A/K is divisible. Let B be a basis of a
maximal free subgroup F of A. Note that since 1 ∈ K ⊆ A we have End(A) = {r ∈ A : r A ⊆ A}. We will show that
in this case End(A) is pure in A:
If a ∈ A and ka ∈ End(A), then kaA ⊆ A ∩ k Jp = k A and it follows that aA ⊆ A, i.e. a ∈ End(A).
Case 1: |B| is infinite and Q is a summand of A/K .
For any subset X ⊆ B define ϕX : F → Q ⊆ A/K by ϕX (b) =
{
1if b ∈ X
0 otherwise . These maps extend uniquely to maps
from A to Q, which we denote again by ϕX . Now choose any nX ∈ N and observe that |{nXϕX : X ⊆ B}| = 2|B| >
|B| = |A| ≥ |End(A)|. This shows that K is not qcl in A, a contradiction.
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Case 2: |B| is infinite and some Z(q∞) is a summand of A/K .
Let κ = |B| and write B = {bi,n : i < κ, n ≤ ω} and for any X ⊆ κ define ϕX : A → Z(q∞) by
ϕX (bi,n) =
{
1
qn
+ Z if i ∈ X
0 otherwise
. Again, if nX ∈ N, then |{nXϕX : X ⊆ κ}| = 2κ > κ = |A| ≥ |End(A)|, which
implies the contradiction that K is not a qcl subgroup of A.
Case 3: |B| is finite and some Z(q∞) is a summand of A/K . In this case, A as well as End(A) are countable, but
there is some surjective ψ ∈ Hom(A,Z(q∞)) ⊆ Hom(A, A/K ). This shows that End(Z(q∞)) ◦ ψ = Jq ◦ ψ ⊆
Hom(A, A/K ) is isomorphic to Jq and thus torsion-free and uncountable. We infer that K is not a qcl subgroup.
Case 4: A has finite rank and A/K is torsion-free and divisible. This also means that K is a pure subgroup of
A. Let pi : A → A/K be the natural map. Let k be the rank of A/K and ` be the rank of A. Then we have
that rank(Hom(A, A/K )) = k`. On the other hand, we have 0 = Hom(A, K ) → Hom(A, A) pi∗→Hom(A, A/K ),
where pi∗(ϕ) = pi ◦ ϕ for all Hom(A, A/K ). But for all ψ ∈ Hom(A, A/K ) there is some nψ ∈ N such that
there is a (unique) ϕ ∈ End(M) such that nψψ = pi ◦ ϕ = pi∗(ϕ). Thus Hom(A, A) is a full rank subgroup of
Hom(A, A/K ), which has rank equal to k` = rank(End(A)) ≤ rank(A) = `. This implies k = 1, i.e., A/K ≈ Q and
thus rank(End(A)) = rank(A) and we infer End(A) = A since End(A) is pure in A. In other words, A is a subring
of Jp. Note that Hom(A, K ) = 0 since rank(A) = rank(aA) for all a ∈ A. Moreover pi∗(End(A)) = pi∗(A) is a full
rank subgroup of Hom(A, A/K ) = Hom(A,Q), which shows that K is a qcl subgroup of A. 
Remark 3.5. Note that none of the qcl subgroups just described are cl subgroups, because pi∗(End(A)) is reduced
while Hom(A,Q) is divisible, i.e. the two groups can’t be equal. It was shown in [1] that if K is a cl subgroup of G,
then G/K is reduced. The above result shows that this is no longer true for qcl subgroups.
The following is now not surprising:
Theorem 3.6. Let G be a torsion-free abelian group of finite rank, such that rank(G) = rank(End(G)) and QEnd(G)
is a division ring. Then any pure, co-rank 1 subgroup K of G is a qcl subgroup of G.
Proof. Since QEnd(G) is a division ring, we have that rank(ϕ(G)) = rank(G) for all 0 6= ϕ ∈ End(G). This implies
that Hom(G, K ) = 0. Note that rank(Hom(G,G/K )) ≤ rank(G) and pi∗(End(G)) is a subgroup of Hom(G,G/K )
of the same rank as G. This implies that QEnd(G) = QHom(G,G/K ). 
Recall that the ring R is an E-ring if the additive group R+ of R has the property that the map ε : End(R+)→ R
with ε(ϕ) = ϕ(1) for all ϕ ∈ End(R+) is an isomorphism. Moreover, the group G is called cotorsion-free if
Hom(Ẑ,G) = 0. In other words, G is cotorsion-free if G is torsion-free, reduced and contains no copy of any
Jp.
Corollary 3.7. Let R be a torsion-free E-ring of finite rank > 1 such that QR is a field. Then any pure, co-rank 1
subgroup K of R+ is a qcl subgroup of R+.
Next we show:
Proposition 3.8. Let K be a qcl subgroup of the torsion-free, reduced group G. Then K is cotorsion-free.
Proof. Suppose K has a subgroup X isomorphic to some Jp for some prime p. Let Zp denote the integers localized
at p and pick 0 6= a ∈ X . Let A be the pure subgroup of G generated by a. Then A is isomorphic to either Zp or Q.
But the latter can’t happen, because G is reduced. This shows that there is some 0 6= ϕ : A → X which extends to
some 0 6= ψ : G → X ⊆ K since X ≈ Jp is pure-injective. We conclude the contradiction Hom(G, K ) 6= 0. 
We have shown in [1] that if K is a cl subgroup of the torsion-free group G, then K is cotorsion-free and G/K is
torsion-free and reduced. We have:
Proposition 3.9. Let K be a qcl subgroup of the reduced, torsion-free group G of infinite rank κ . If rank(End(G)) <
2κ , then G/K is reduced.
Proof. If G/K is not reduced, then rank(Hom(G,G/K )) = 2κ > rank(End(G)). Thus pi∗ : End(G) →
Hom(G,G/K ) is not surjective and K is not a qcl subgroup of G. 
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Let K be a subgroup of G and End(G, {K }) = {ϕ ∈ End(G) : ϕ(K ) ⊆ K }.
Proposition 3.10. Let K be a qcl subgroup of torsion-free group G. Then End(G, {K }) is (isomorphic to) a subgroup
of End(G/K ) and End(G/K )End(G,{K }) is torsion.
Proof. Let pi : G → G/K be the natural epimorphism and θ ∈ End(G/K ) Then θ ◦ pi ∈ Hom(G,G/K )
and there exists some m ∈ N and ϕ ∈ End(G) such that m(θ ◦ pi) = pi ◦ ϕ. Then pi(ϕ(K )) = {0} and thus
ϕ(K ) ⊆ ker(pi) = K . This shows that ϕ ∈ End(G, {K }). Pick some ϕ ∈ End(G, {K }) and define ϕ∗ ∈ End(G/K )
by ϕ∗(g+ K ) = ϕ(g)+ K . (This map is well-defined since ϕ(K ) ⊆ K .) If ϕ∗ = 0, then ϕ(G) ⊆ K , but Hom(G, K )
is torsion and K is torsion-free and we conclude ϕ = 0. Note that ϕ∗ ◦ pi = pi ◦ ϕ. This shows that [End(G, {K })]∗ is
a subgroup of End(G/K ) with torsion quotient. 
4. Non-pure quasi-co-local subgroups
We have seen that qcl subgroups need not be pure, i.e., if K is a qcl subgroup of the torsion-free group G, then it
can happen that the torsion part T = t (G/K ) 6= {0}. This makes one wonder what torsion groups T may arise in this
way. In this section, we will answer that question. We will propose a slight modification of the Black Box construction
presented in [1] producing cl subgroups of cotorsion-free groups. The version of the Black Box used is the one given
in [6]. The paper [6] can be considered a manual on how to employ the Black Box in algebraic constructions.
Let Ĝ denote the Z-adic closure of a reduced torsion-free group G. The following is well known if the torsion
group T is separable. We need something stronger.
Lemma 4.1. Let G be a cotorsion-free group such that G 6= Ĝ. Let T be a reduced torsion group and ϕ ∈ Hom(G, T )
such that ϕ(G) is not bounded. Then there exists G ⊆ G ′ ⊆ Ĝ such that G ′/G ≈ Q and there is no ψ ∈ Hom(G ′, T )
for which ψ G = ϕ.
Proof. Note that Ĝ/G is divisible and torsion-free and thus Ĝ/G = ⊕α<κ Gα/G for some cardinal κ and Gα/G ≈ Q
for all α < κ .
Assume that for all α < κ there is some ψα ∈ Hom(Gα, T ) such that ψα G = ϕ. Note that Ĝ =
∑
α<κ Gα
such that Gα ∩∑α<β<κ Gβ = G. Let x ∈ Ĝ. Then there are gα ∈ Gα such that x = ∑α gα , a finite sum. Define
ψ(x) =∑α ψα(gα).
We show thatψ is well-defined. To this end, assume that x =∑α hα for some hα ∈ Gα . Then∑α(gα−hα)+G =
G and we infer that gα − hα = aα ∈ G and gα = hα + aα . Note that∑α gα =∑α hα implies that∑α aα = 0. Then
ψ(x) =
∑
α
ψα(gα) =
∑
α
ψα(hα + aα) =
∑
α
ψα(hα)+ ψα(aα)
=
∑
α
ψα(hα)+
∑
α
ϕ(aα) =
∑
α
ψα(hα)+ ϕ
(∑
α
aα
)
=
∑
α
ψα(hα).
This shows that ψ is well-defined.
Let x ∈ G and α < κ . Then x ∈ Gα and so ψ(x) = ψα(x) = ϕ(x). From this we conclude that ψ G = ϕ.
We have shown that ψ ∈ Hom(Ĝ, T ) extends ϕ. But Ĝ is algebraically compact and T is torsion. Thus by [5,
Corollary 54.4], ψ(Ĝ) is the direct sum of a bounded group and a divisible group. Since T is reduced, ψ(Ĝ) is
bounded. Thus ϕ(G) ⊆ ψ(Ĝ) is bounded, a contradiction to our hypothesis.
Let G ′ = 〈G, y〉∗ ⊆ Ĝ for some y ∈ Ĝ −G. Assume that ϕ extends to some ψ : G ′ → T . Applying the argument
above with ψα := ψ Gα shows that there is some x ∈ Ĝ such that ϕ does not extend to a homomorphism from
X := 〈G, x〉∗ into T . Note that G ′/G 6= X/G and (G ′/G)⊕ (X/G) is a direct summand isomorphic to Q⊕Q of the
divisible, torsion-free group Ĝ/G.
Let X ′ = 〈G, x + y〉∗ ⊆ Ĝ. By way of contradiction, assume that ϕ extends to some θ : X ′ → T . Note that
(X ′/G)⊕ (G ′/G) = (X/G)⊕ (G ′/G). By an argument similar to the preceding argument, θ +ψ : X ′ +G ′ → T is
well-defined. Then ϕ extends to θ +ψ and (θ +ψ) X extends ϕ, a contradiction. Thus ϕ does not extend to X ′. 
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Lemma 4.1 provides a “Step Lemma” for a Black Box construction to show:
Theorem 4.2. Let L be a cotorsion-free group and K a subgroup of L such that L/K is a reduced torsion group.
Then there exist arbitrarily large cotorsion-free groups G such that L is a cl subgroup of G and K is a qcl subgroup
of G.
Proof. We have shown in [1] that a cotorsion-free group G exists such that L is a cl subgroup of G and L is pure in
G. The construction utilized the Black Box as presented in [6]. With the help of the Lemma 4.1, we can easily modify
the construction of G such that for any ϕ ∈ Hom(G, L/K ) we have ϕ(G) bounded. All one has to do is to impose
that additional condition along the transfinite induction yielding G.
We will show that this implies that K is a qcl subgroup of G. Let µ ∈ Hom(G,G/K ). Since t (G/K ) = L/K ,
there is some m ∈ N such that mµ(G) ∩ t (G/K ) = 0 and mµ(G) is (isomorphic to) a subgroup of G/L . Consider
the sequence
0→ L/K = t (G/K )→ G/K pi→G/L → 0
in which pi : G/K → G/L is the natural map. Let Y = mµ(G) ⊆ G/K . Note that Y ∩ Ker(pi) = 0. Then
piY := pi Y : Y → pi(Y ) is an isomorphism. Since L is a cl subgroup of G, there is some θ : G → G such that
piY (mµ)(x) = θ(x)+ L for all x ∈ G. Apply (pi Y )−1 to piY (mµ) to obtain mµ(x) = θ(x)+ K for all x ∈ G. 
This is a striking difference between cl and qcl groups. If K ⊆ G is cl, then t (G/K ) = 0. But if K is only qcl,
then t (G/K ) may be any reduced torsion group.
Let K be a cotorsion-free group and T a reduced torsion group such that
T ⊆ K ⊗Q
K
and let L ⊆ K ⊗Q such that T = L/K . Then L is torsion-free and reduced.
We want to show that L is cotorsion-free. Let ϕ ∈ Hom(Ẑ , L) and pi : L → L/K = T then pi ◦ ϕ : Ẑ → T . Note
that T is torsion and reduced and Ẑ is algebraically compact. Then pi ◦ ϕ(Ẑ) is bounded and so there is an m ∈ N
such that m(pi ◦ ϕ) = 0, cf., [5, Corollary 54.4]. It follows that mϕ maps Ẑ into K . Since K is cotorsion-free, ϕ = 0.
Therefore Hom(Ẑ, L) = 0 and L is cotorsion-free.
Corollary 4.3. Let K and T be as above. Then there is a group G such that K is a qcl subgroup of G and
T ≈ t (G/K ). Moreover, K∗ is a cl subgroup of G.
Corollary 4.4. Let T be a reduced torsion group. Then there is a cotorsion-free group G with a free qcl subgroup K
such that t (G/K ) = T .
Proof. Pick a free group L such that L/K ∼= T for some subgroup K of L . Now apply the remarks preceding
Corollary 4.3. 
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